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Burn-In Screening for Weibull~area Filure ytite
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Conditional Reliability: D( T | :
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Example:

Given a Weibull failure distribution with a shape parameter of 1/3 and
a scale parameter of 16,000hrs, calculate the design life for 90%

reliability if ErR = ©(-In RBWEQ
1. No burn-in time e /anO) [ F
/3
2. a 10-hr burn-in period is accomplished —~ 1, +T ]
P q = expc ’6'000 lo’ aD)
, _ g1 IN3 3
Exercise: R (Iéacw) ‘L/ Ilzgoaas

Re-solve the example if the shape parameter is 1.5

L= 100 4—> 10134

B o

I F N i) <= [ D ) /"'Lg""\ »
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Failure Modes

!:or a system comprised of n serially related components or having n
independent failure modes, each having an independent Weibull failure
distribution with shape parameter B and scale parameter 6i, the system

failure rate function can be determined: 2
Failnre jue\'>t S\ O[]
st |\l JS o2 Oy

G| s
i ‘ /. lFD\UiL}Qc(Q
syten 3\ 8 55 ¢ 5 g) ¢ Taye

n

A.@t) =P~ 1[

Véq wnaén,c —D af‘a”d 20
20
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Failure Modes

The System has a Weibull distribution with a shape parameter of B and

a scale parameter s of
Lbelbbwd\ % s\2o (10 Ls,déz’hsl.ﬂm ar S cale )\ CAR\CVA Y.

n -1/B
| 1\ ,
MY O$D9 5 oo ¢ 05 = [Z (’b‘i) ] 5 < leplh) ) 2
= S\Msh?/b O 4\ 9 |
W erbeoll SING) LS5 G0

If the shape parameters 8 are d|f‘ferent then the system failure Beay D,

distribution will not be Weibull

21

21

- | exredh
|dentical Weibull Components

* |f a system of n serially related and independent components, then
the system hazard rate:

f

Emcha/Le/,ls(t) 23 (—2—) =1-é1-§(t)5‘1 ¢ il entr cal

Seri uence

R (t) = exp [-n (Z)ﬁ] = D

e System shape parameter = 8

S L
System scale parameter: 8s = =T q i u

22 0O Os

REE) = €
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Example 4.3:

A jet engine consists of five modules each of which was found to have a
Weibull failure distribution with a shape parameter of 1.5. Their scale

parameters (characteristic life) are (in operating cycles) 3600, 7200,
5850, 4780, and 9300. Find the MTTF and median time to failure_of the

engine

E—'g g 3500 )720095950) L/?@O)qgo&

MTTF=-0 [(1+ &) L"%Yf(&)]«alg%l
2 tmed= @ (-n. )" zag *(72} (B,%a‘sjt??) \%OJ
TE

Bsys- 1892.47 S " (M o.q)=19:31
6 1/51342{7[-(/-{- )

‘/:5
2) 8Y2. & F2(-n.5) < [4¥3.2

Example 4.4:

An electrical system has four series connectors each having a Weibull
failure law with B = 3/4 and 8 = 2000 hr. Find the reliability of the

system of four connectors for 150 hours.

F-3/4 B=o000 T=1506 R=?7

Os - =
( -__-__1.55L_/9. h
| K Y R il 7 A Y A T 24
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The Three-Parameter Weibull

* Whenever there is a minimum life to such that T > t_, the three-
parameter Weibull may be appropriate.

* The three-parameter Weibull distribution assumes that no failures
will take place prior to time t,.

* For this distribution

— . \B]
A(t) = E(' to) t = 1

0\ 6

«:The parameter t, is called the location parameter

25

The Three-Parameter Weibull

s
R(t) = exp[— (t 6’0) ] I = I

« The variance of this distribution is the same as that in the two-
parameter model

MTTF = t0+61‘(1 +%)

tmed = fo + 6(0.69315)"F
t, =1, +6(=InR)""”

26
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Example 4.5

* The three parameter Weibull has B =4, t, = 100, and 6= 780. <—
Compute its MTTF, median, standard devuatlon and reliability for a

500-hr mission.

MTTF =4 +O0 ("%

= oo + 730[_(!1‘--1{- S 200/'?0/.
* |
meiom = Lo + 6 (0.693/5) F = 2170z
’ f-éo)g "

& o — 10O
R = 6 % (5'4920 ) = /'H%/ w33 — 9%/

Redundancy with Weibull Fallures | =)l
iclenteenlt

. Two identical (and assumed independent) components are used to
torm a redundant system (both must fail for the system to fail), then

the system reliability is: sy Leleal s

O8I & opryis -_—?;E\S
' Lwed

R() = 1-[1 = ROY « Same \3, i sHi=zoe
9 \ (Sha e&!fb:larjl
R(t) = 1-— [1 = e-(tlo)ﬁ] o ée'(’m)ﬁ "2(”9)31elbuu—

clabecot 1€\ ol 3
__> MTTF = 6I' (l + Bl—)(z = 2"”‘3) [ > 0afY kel
F‘ r(é ). F P . =

Ret:)= | —Re@)—s (| —Ri(L) X(-REL)
tsl — (1-R(E)) (1-RLE)
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Example 4.6

» Two fuel pumps, each having a Weibull failure distribution with B =0.5
and © = 1000 hr, are configured to provide a redundant system. Find
the system reliability for a 100-hr mission and the system MTTF

—> p‘-‘-’ 0.5 p-looo

2

i 5/
Ré6)=l-—fl-—R(&)7 M'-——E'— ™ ]

[-I -_(100/,000) ]
-l - 721"

Q2 5
29 -
ol > o
&) M
Jesglite s1— B¢ =4 P-4
Bl =AA onlian < A oolc - A A i

2
’§~0((Vom'a e )

| sturclaypnl Mo (maf
A sknbn ton

Zamzo

4.2 The Normal Distribution

Ok, But what’s a normal
dewate? At

' I understand that the ‘
lecture wﬂl retum to :

-~ Treally liked: =
those Weibull’s

30
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The Normal Distribution

* The normal distribution has been used successfully to model fatigue
and wearout phenomena

A() 6’7\ Variabili{yf oV dd‘af,
10 '
o D ' é /\

e s i
6 ,’/ Fa )

"/ (\/av.;abd'*‘j
' \ o )
2 ',”
Y R T T e T I i e T i O T : =
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The Normal Distribution
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The Normal Distribution

F(r)
|.2
S ”‘W

1.0 i Eae

&y
& S interved e

’ T
0.6
/
. /

0.4 s

4

- P 4
/

0.2 ’

e SRS !

93.0 ot 2.0 -15 -10 -05 O 05 10 15 20 25

23

The Normal Distribution

 The normal is not a true reliability distribution since the random

variable ranges from minus infinity to plus infinity

 However, for most observed values of p and g, the probability that
the random variable will take on negative values is negligible, and the
normal can therefore be a reasonable approximation to a failure

process

MTTF = i
Std Dev =0

34
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Normal Distribution - Applications

*Tool failures
*Brake lining wear
oTire tread wear

Normal Distributjon

« The reliability function for the normal distribution:

o0 f occ 2 s
R(t) =] 1 exp[—lg———pi)- dr’

t \/ZT-O' ik

 However, there is no closed-form solution to this integral, and it must
be evaluated numerically.

* Transformation to standard normal distribution:
.
g
Z is referred to as the standardized normal variate %

74
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Normal Distribution <-

 The cumulative distribution function:

B@) = % V2m)e R dy

* Table A.1 (page 624 - 631) provides cumulative probabilities of the

standardized normal distribution

* The table can be used to find the cumulative probabilities of any
normally distributed random variable by making use of

F() =Pr{T <1} = Pr{

37

- 624

=Pr[z$

[~ K

-

I —pu

g

Appendix: Statistical and Numerical Tables

e

g

o

TABLEA.1 Standardized normal probabilities: &(z) = ["as V2E)e Ry

z ®z) 1-®z2) z @) - 1-07) z o) -1-00)
—4.00000 000003 099997 -351000 0.00022 0.99978 '-302000° 000126 0.99874
-3.99000° 000003 - 099997 -350000 = 0.00023 099977 -3.01000 00013] 0.99869
-3.98000 000003 099997 -349000 0.00024 099976 -3.00000 0.00135 099865
-3.97000 000004 099996 -348000 0.00025 099975 -299000 0.00139 0.99861
-3.96000 0.00004 099996 -3.47000 0.00026 059974 -298000 0.00144 099856
-395000 0.00004 0099996 -3.46000 0.00027 099973 -297000 0.00149 0.99851
-3.94000 0.00004 099996 -345000 0.00028 099972 -296000 0.00154 0.99846
-3.93000 0.00004 099996 -3.44000 0.00029 099971 -2.95000 0.00159 0.99841
-392000 0.00004 099996 -3.43000 0.00030 099970 -2.94000 0.00164 0.99836
-391000 0.00005 099995 -3.42000 0.00031 099969 -293000 0.00169 0.99831
-390000 0.00005 099995 -341000 000032 099968 -292000 0.00175 0.99825
-389000 0.00005 099995 -340000 000034 099966 -2.91000 0.00181 0.99819
-388000 0.00005 099995 -339000 0.00035 099965 -290000 0.00187 0.99813
-3.87000 000005 0.99995 -338000 0.00036 099964 -2.89000 0.00193 0.99807

38
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Example 4.9:

Normal Distribution

* Table A.1 can be used to find the cumulative probabilities of any
normally distributed random variable by making use of

o

Rit) =1- CD(E-;&)

g

MTTF = Median = Mode =

39

‘)('_afllfe e Ql:{/
5 b4 @”b’h}y & 5/ U'O«S‘g‘

QG UPyag

e Five percent of a certam grade of tires wear out before 25,000 miles,

Reliabilitg { PIXC 2B ook 05 5V 25K Jl(a d\‘ji
C/

P(X< 35000) =095
}gﬂ&ﬂf—#{‘u’ — -’-Il 64/5

40 L

and another 5 percent of the tires exceed 35,000 miles. Determine
the tire reliability at 24,000.miles if wearout is normally distributed.

P(z< zi)= 6065 5y e— F5K i
d(zi)= 0.05 V40 L.

25000 =l = =ivbUD f@*u
6 M= SO00O

o 2029 B

§00 0
|#1.9805 30275

= o HOag = SOA90
R(24K)= | ﬁ(" 20 245

)= 17 56/
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Example:

The time to failure of a fan belt is normally distributed with a MTTF =

220 (in hundreds of vehicle miles) and a standard deviation of 40 (in <

hundreds of vehicle miles). Fine R(100), R(200), R(300), R(100]200) ??

R(100) = 1 - ®[ (100-220)/40] = 1 - ®(-3) = .99865

R(200) = 1 - ®[ (200-220)/40] = 1 - ®(-.5) =.69146

R(300) =1 - ®[ (300-220)/40] = 1 - ®(2) =.02275

R(100]200) = R(300) / R(200) = .02275 /.69146 = .0329
(r:te: both the median and mode = MTTF = 220 miles

- R(Lo+t)
41 - RE)

Design Life Example:

A new fan belt is developed from a higher grade of material. It has a
time to failure distribution which is normal with a mean of 35,000
vehicle miles and a standard deviation of 7,000 vehicjem its

———————— ———————

designed life if a .97 reliability is desired.

R(t)=1-®[ (t-350)/70] =.97; find t !
From the normal table, 1 - ®(-1.88) = .96995

Therefore; (t-350)/70=-1.88
and tg; = 350 - 1.88 (70) = 218.4 or 21,840 vehicle miles

42
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Exercise:

The operating hours until failure of a halogen headlamp is normally
distributed with a mean of 1200 hr. and a standard deviation of 450 hr.

Mo oy
Find:

a. The 5 year reliability if normal driving results in the use of the
headlamp an average of 0.2 hr. a day. |

b. The 0.90 design life in years.

)

s

Exercise Solution:

a. t=.2hr./da. x365da./yr. x5yr.=365 hr.
R(365) =1-F[(365-1200)/450] =1-F[-1.86] =.96856

bo R(t.QO) - 090
or 1-F[(ty,-1200)/450]=.90
(to,-1200)/450=-1.28
t oo = 1200 - 1.28 (450) = 624 hr. '
: i £
or t,,=624 /(.2x365) =8.5yr. 2L

I/ &%/ £Ul4
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4.3 The Lognormal Distribution

e |f the random variable T, the time to failure, has a lognormal
distribution, the logarithm of T has a normal distribution.

« The density function for the lognormal is:

1 1 l__t_2 =4
f(t)=ﬁ_7;stexp -2'5—2" and i =0V

where the parameter s is a shape parameter and t,.4, the location
parameter, is the median time to failure.

e ]

« The distribution is defined for only positive values of t and is
therefore more appropriate than the normal as a failure distribution.

(,:oY l—q g In 61 W ymol
48 V*\ﬂ’l’ %
il . 20
lo oMo m’p |
The Lognormal Distribution
|
e Like the Weibull distribution, the lognormal can take on a variety of
shapes Lmecl =]
Ji () S’t 0[ ' ¥ .C,
20 S— FCS"}'SP ‘3; 7
= It is frequently the
case that data that
: fit a Weibull
2 distribution will also
ettty / ‘ fit a lognormal
o R e T distribution
0 : 0.25 . 0.50 0.75 1.00 1.25 1.50 175 ....... .2'.00‘ &
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The Lognormal Distribution

« The mean, variance, and mode of the lognormal are:

MTTF = tmeq exp(s/2)
o2 = t2_,exp(s¥)[exp(s?) — 1]

Imed
exp(s?)

! mode —

Lognormal vs. Normal Distribution

« This relationship between the lognormal and normal distributions is
summarized in Table 4.2:

Relationship between lognormal and normal
distributions’

Distribution

2
Mean Lot exp[s—z-] lntmed-;:,-,x,(oaﬁ,
Vanance 2 s exp(s?)[exp(s?) — 1] s

48


https://v3.camscanner.com/user/download

49

The Lognormal Distribution- CDF
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The Lognormal Distribution — Hazard Rate Function
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The hazard rate function
increases until it reaches a
peak, and then it slowly

decreases.

This is an uncommon
failure rate behavior for
most components

The smaller the value of s,
the greater the time
before the peak is

reached °
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The Lognormal Distribution — Hazard Rate Function

Ift_.,=10

e N R e AR = oy A TR oy 5
1.0 0.8 0.6 04

\)
ggp [ Mode 87 83 70 - .B% RBSS
= MTTF 165 138 120 108 T T

MaxA() 7 10 16 20

The Lognormal Distribution

si

N
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Appendix: Statistical and Numerical Tables

TABLEA.1 Standardized normal probabillities: @(z) = j_'_(n / 2x)er' 2 dy

__—'—_—-—_—_—_'—-_—‘———__————_-—_—__-

= Oz 1-9) 2 Q) 1-0z) z | 0D 1-0%)
400000 000003 099997 -351000 000022 099978 -3.02000 000126 0.99874
-399000 0.00003- 099997 -3.50000 0.00023 099977 -3.01000 0.00131 0.99869
-398000 000003 099997 -3.49000 000024 099976 -3.00000 0.00135 0.99865
397000 000004 0999% -348000 0.00025 099975 -299000 0.00139 0.99861
-396000 0.00004 0099996 -3.47000 000026 099974 -2.98000 0.00144 0.99856
-3.95000 - 0.00004 099996 -346000 0.00027 099973 -297000 0.00149 0.99851
-3.94000 0.00004 099996 -3.45000 000028 099972 -2.96000 000154 0.99846
393000 000004 09999 -3.44000 0.00029 099971 -2.95000 000159 0.99841
392000 0.00004 099996 -3.43000 000030 099970 -2.94000 000164 0.99836
391000 0.00005 099995 -3.42000 0.00031 099969 -2.93000 0.00169 0.99831
-390000 0.00005 - 099995 -341000 000032 099968 -2.92000 000175 0.99875
-389000 - 0.00005 099995 -3.40000 000034 099966 -291000 000181 0.99819
-388000 0.00005 099995 -339000 0.00035 099965 -2.90000 000187 0.99813
-387000 000005 099995 -338000 000036 099964 -2.89000 000193 0.99807

53

Example 4.10:

* Fatigue wearout of a component has a lognormal distribgtion with
t g =5000hrands=0.20. Find: MTTF, Standard Deviation, toder

Reliability for 3000 hrs?

54
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Example 4.10:;

tnea = 2000 hr and s =0.20. Find: MTTF, Standard Deviation, t.o4.,

Reliability for 3000 hrs?

MTTF = 5000e©20%2 = 5101 hr

o2 = 5000720 [(0207 _ 1] = 10619 X 108

o = 1030 hr
5000
fmode = (0,207 = 4804 hr

= 1 - $(-2.55) = 0.99461

55

Design Life:
Let R represent the desired reliability
Then ' l-<b(—1-ln-3l-)= R
S Iped
or q)(-!-ln—tﬂ) =]-R
S  Imed
| (IS
and ;ln;-m% = Zi-R)

where z;_p is found in Table A.] such that
O(g-p) =1-R
Solving for #x:
7, . tg = Imed €'
56
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Example 4.11:

From the previous example, find the design life for a reliability of 0.35

togs = 5000%2%~1-5% = 3602 hr
(005

Exercise

Reliability testing of the new 1.6 liter automotive engine has resulted
in a time to failure distribution which is lognormal with t_ ., = 100,000

mile and s =0.70. Find:
a. R(36,000 mile)

b. MTTF and Std. Dev.
c¢. R(64,000|36,000)

d. tgs

i cs CamScanner‘"§
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Exercise — solution

a. R(36,000) =1 - ®[ (1/.7)In(36,000/100,000]
=1-®[-1.46] =.92786
b. MTTF = 100,000 492 = 127,762 mi.
Var = 100,0002 e4? [ 4 -1] = 1.032 x 1010
Std Dev = 101,594 mi.
c. R(64,000|36,000)
= R(100,000)/R(36,000)
=0.5/.92786 = .539

Exercise — solution

d. Rty)=.95
1-®[(1/.7) In(t4:/100,000) ] = .95
(17.7) In(t . /100,000) = -1.64
tgs = 100,000 e-1-82%-7 = 31,727 mi.

%JLS

59
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